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BERGMAN KERNELS FOR WEIGHTED POLYNOMIALS
AND WEIGHTED EQUILIBRIUM MEASURES OF Cn
ROBERT BERMAN
Abstrat. Various onvergene results for the Bergman kernel of
the Hilbert spae of all polynomials in Cn of total degree at most k,
equipped with a weighted norm, are obtained. The weight funtion
φ is assumed to be C1,1, i.e. φ is dierentiable and all of its rst
partial derivatives are loally Lipshitz ontinuous. The onvergene
is studied in the large k limit and is expressed in terms of the global
equilibrium potential assoiated to the weight funtion, as well as in
terms of the Monge-Ampere measure of the weight funtion itself on
a ertain set. A setting of polynomials assoiated to a given Newton
polytope, saled by k, is also onsidered. These results apply diretly
to the study of the distribution of zeroes of random polynomials and
of the eigenvalues of random normal matries.
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1. Introdution
Let φ be a given funtion on Cn that will be refered to as the weight
funtion. We will assume that φ is in the lass C1,1, i.e. φ is dierentiable
and all of its rst partial derivatives are loally Lipshitz ontinuous. In
partiular, the urvature form ddcφ(z) (where dc := i(−∂ + ∂)/4π, so
that ddc = i∂∂/2π) is well-dened for almost any xed point z and
its determinant det(ddcφ) := (ddcφ)n/ωn is in L
1
loc(C
n), where ωn =
(2πddc |z|2)n/n!, ωn is the Lebesgue measure on Cn. It is further assumed
that φ is suiently large at innity so as to make the following weighted
norms nite (assumption 2.4 below). Denote by Hk the Hilbert spae of
all polynomials fk of total degree less than k in C
n
equipped with the
weighted norm
‖fk‖2kφ :=
∫
Cn
|fk(z)|2 e−kφωn,
The Bergman kernel of the Hilbert spae Hk will be denoted by Kk(z, w)
(formula 3.1). In the nal setion of the paper we will also onsider a
1
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variant of this setting where Hk is replaed by the spae of all weighted
polynomials assoiated to a given Newton polytope, saled by k.
Given this setup, we will onsider three natural positive measures on
Cn. First the weighted equilibrium measure
(ddcφe)
n/n!,
where φe is the upper envelope 2.1. Then the weak large k limit of
the following two sequene of measures dened in terms of the Bergman
kernel of the Hilbert spae Hk :
(1.1) k−nBk(z)ωn,
where Bk(z) := Kk(z, z)e
−kφ
will be referred to as the Bergman funtion
1
and of
(ddc(k−1lnKk(z, z)))n/n!.
It is not hard to see that the total integrals of all three measures oinide.
The main point of the present paper is to show the orresponding loal
statement. In fat, all three measures will be shown to oinide with the
measure
1D(dd
cφ)n/n!
where 1D is the harateristi funtion of a ertain ompat subset D of
Cn (orollary 3.6, theorem 3.4 and 3.7). The basi ase is when φ(z) =
|z|2. Then the limiting measure is π−n times the Lebesgue measure times
the harateristi funtion of the unit ball. It should also be pointed
out that even stronger onvergene results will be obtained, where the
regularity assumption on φ is ruial.
Moreover, for any interior point of D where φ is smooth and where
ddcφ > 0 we will show (theorem 3.9) that the Bergman kernel Kk(z, w),
i.e. with two arguments, admits a omplete loal asymptoti expansion
in powers of k, suh that the oeients of the orresponding symbol
expansion oinide with the Tian-Zeldith-Catlin expansion for a posi-
tive Hermitian holomorphi line bundle. Furthermore, it will be shown
(theorem 3.8) that globally on Cn
k−n |Kk(z, w)|2 e−kφ(z)e−kφ(w)ωn(z) ∧ ωn(w)→ 1D∆ ∧ (ddcφ)n/n! ,
weakly as measures on Cn × Cn, where ∆ is the urrent of integration
along the diagonal in Cn × Cn.
1.1. Relations to random eigenvalues and zeroes. In a ompanion
paper the present results will be applied to the study of various random
proesses. For example, onsider the ase of the omplex plane (i.e. n =
1). On one hand it is well-known that the measure Bk(z)ωn represents the
expeted distribution of eigenvalues of a random normal matrix, when
the size N(= k+1) tends to innity (given a ertain probability measure,
indued by φ, on the spae of all N×N normal matries) [17, 18℄. On the
other hand, the measure (ddc(lnKk(z, z)))n/n! represents the expeted
1Bk(z) orresponds, in the lassial theory of orthogonal polynomials, to the so
alled Christoel funtion (see [11℄ and referenes therein).
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distribution of zeroes of a random polynomial onsidered as an element
of the Hilbert spae Hk, equipped with the indued Gaussian probability
measure [29, 30℄. From this point of view the present results say that, in
the orresponding limits, the eigenvalues and the zeroes tend to behave
as interating harges in the presene of the external potential eld φ
(ompare [26℄). Furthermore, in these limits they all beome uniformly
distributed (with respet to the measure (ddcφ)n/n!) on the set D.
1.2. Comparison with previous results. It should be emphasized
that in the ase when n = 1 the weak onvergene for k−nBkωn in the-
orem 3.4 and the subsequent orollary was rst obtained reently by
Hedenmalm-Makarov [21℄, generalizing a previous result of Elbau-Felder
[17℄ (see also the paper [18℄ of Etingof-Ma). These papers were stimulated
by the study of normal random matries and various diusion-ontrolled
growth proesses, by the physiists Zabrodin, Wiegmann et al (see the
survey [32℄ and referenes therein). For example, in one physial model
(the Hele-Shaw ell) the set D and its omplement orrespond to two
inompressible uids on the plane of very dierent visosities, e.g. water
and oil. In another model the set D is identied with a quantum Hall
droplet of eletrons.
In the higher dimensional ase there seem to be almost no previous
results onerning the weak onvergene of k−nBkωn in the present on-
text. However, the ase of a smooth plurisubharmoni weight φ is losely
related to the Tian-Zeldith-Catlin expansion of the Bergman kernel in
the line bundle setting (see setion 1.3 below). Moreover, the results
onerning weighted polynomials assoiated to a Newton polytope, on-
sidered in setion 4, generalize results of Shiman-Zeldith [31℄ - ompare
setion 4 for the relation to their results.
1.2.1. Comparison with the large deviation approah. The approah in
[21, 17, 18℄ follows the paper [22℄ by Johansson, where the real ase
was treated (orresponding to Hermitian matries). Even though the
present approah is ompletely dierent, it may be illuminating to reall
the approah in the ited papers as it makes the physial interpretations
more transparent. The starting point is that, by a lassial formula due
to Heine in the theory of orthogonal polynomials, the measure Bk(z)ωn
in 1.1 paired with a given test funtion g, may be expressed as
(1.2)∫
C
Bk(z)g(z)ωn =
∑
i
∫
CN
g(zi)e
−N2EN (z1,...,zN)ωn(z1) · · ·ωn(zN )/ZN .
Here N = k + 1 and EN(z1, ..., zN) is the energy
EN (z1, ..., zN ) = −
∑∑
i 6=j
ln |zi − zj |N−2 +
∑
i
φ(zi)N
−1
of a system of N harges, eah with harge N−1 situated at the positions
zi. The normalizing number ZN (orresponding to g = 1) is the partition
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funtion of the system. Following a large deviation estimate in [22℄, it
is shown that the leading ontribution to the integral over CN in formula
1.2, omes from a sequene of minimizers (z1, ..., zN)∗ of the energy EN .
Moreover,
N−1
∑
i
δzi∗ → µ,
where µ is the unique minimizer of the funtional
Eφ(µ) := −
∫
C
∫
C
ln |z − w| dµ(z) ∧ dµ(w) +
∫
C
φ(z)dµ(z)
on the spae of all positive Borel measures with total integral equal to
one. This gives
k−1
∫
C
Bk(z)g(z)ωn →
∫
C
gdµ
Finally, the variational inequalities orresponding to the latter funtional
Eφ give that µ may be obtained as dd
cφe where φe is the upper envelope
2.1 (ompare the book [28℄).
However, when n > 1 there seems to be no (useful) expliit formula
playing the role of Heine's formula 1.2, whih is related to the fat that
the Monge-Ampere operator whih plays the role of the Laplae operator
is non-linear. Instead the approah in the present paper is to obtain
the asymptotis of Bk by a ompletely dierent method based on loal
holomorphi Morse inequalities (ompare [3, 4℄), ombined with some
pluripotential theory (see [25, 24, 16℄). For example, theorem 3.7 an
be seen as an L2−version of a seminal result of Siiak in pluripotential
theory [24℄. It was Siiak who rst dened and studied the funtion φe,
given a possibly non-smooth funtion φ, in the ontext of polynomial
approximation and interpolation theory [24℄. For a very reent study
of weighted pluripotential theory and its relation to the more studied
unweighted theory see [9℄.
1.3. Comparison with the line bundle setting. Some time after the
rst version of the preprint of the present paper had appeared the au-
thor managed to obtain variants of the present results in the setting of
an arbitrary given line bundle L→ X over a ompat projetive omplex
manifold X [6℄. In this latter setting the role of φ is played by a metri
on L. In the speial ase when φ has positive urvature the Bergman
kernel asymptotis then follow from the Tian-Zeldith-Catlin expansion
(ompare [29℄ and referene therein). The present setting is losely re-
lated to the ase when X is omplex projetive spae Pn. However, the
dierene is that, due to the growth assumption 2.4, φ does not extend
as a smooth (or even loally bounded) metri over the hyperplane at
innity, Pn − Cn, whih is assumed in [6℄. In [6℄ it was also observed
that the onvergene in theorem 3.4 an be made slightly stronger using
∂¯-estimates (ompare remark 3.5). But the author has deided to keep
the original approah in this paper due to its simpliity and sine it may
perhaps be useful in other ontexts. Finally, in the present paper it is
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veried that the assumption on the C2−smoothnes on φ appearing in [6℄
may be relaxed to assuming that φ is in the lass C1,1. The motivation
for this improvement is rst of all that this is the natural lass in view
of the regularity proposition 2.1 - the point is that even if φ is assumed
to be C∞−smooth, the equilibrium weight φe will usually only be C1,1.
Moreover, the weaker regularity assumption might turn out to be useful
when trying to, by some approximation sheme, use the present results
to prove the following more general onjetures.
1.4. Conjetures onerning more general ases. It seems natural
to onsider the weak onvergene of k−nBk(z)ωn and (ddc(k−1lnKk(z, z)))n/n!
for a weight funtion φ whih is only assumed to be lower semi-ontinuous.
It may even be allowed to be equal to −∞ outside a subset E, but then
ωn has to be replaed with a suitable measure ν supported on E.
For example, in the ase that E = Cn it seems reasonable to onje-
ture that the orresponding weak onvergene still holds. The issue is
the onvergene of the Bergman measures 1.1. Indeed, the weak on-
vergene of (ddc(k−1lnKk(z, z)))n/n! does hold as is shown by a simple
modiation of the proof given here (for the modiation in the ase of
a general set E see [5℄). In the ase where E is ompat this was shown
by Bloom-Shiman [13℄ in the unweighted ase (φ = 0) and Bloom [10℄
in the weighted ase using a dierent aproah. For even more general
onjetures, where one assumes that the measure ν satises a Bernstein-
Markov inequality, see [5, 12℄ - the planar ase C was obtained very
reently in [11℄.
However, one point of the present paper is also to show that under the
assumption that φ be C1,1 stronger onvergene results hold: the Monge-
Ampere measure (ddcφe)
n/n! has a density det(ddcφe) that is in L
1(Cn)
and k−nBk onverges to det(ddcφe) in L1(Cn). In fat, one even has point-
wise onvergene almost everywhere on Cn (see remark 3.5). Moreover,
the rate of onvergene of k−1lnKk(z, z) towards φe(z) is optimal.
2. Weighted equilibrium measures
Given a weight funtion φ on Cn the orresponding equilibrium po-
tential or equilibrium weight φe is dened by
(2.1) φe(z) = sup
{
φ˜(z) : φ˜ ∈ L : φ˜ ≤ φ onCn
}
.
where L(Cn) is the Lelong lass, onsisting of all plurisubharmoni fun-
tions in Cn of (at most) logarithmi growth at innity:
(2.2) L(Cn) := {ψ : ψ psh, ψ(z) ≤ ln+ |z|2 +O(1)}
(note that we are using a non-standard exponent 2 in the growth as-
sumption for the Lelong lass).
Then φe is also in L(Cn) (ompare the appendix in [28℄). The or-
responding weighted equilibrium measure is the Monge-Ampere measure
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(ddcφe)
n/n! (see [25℄ for the denition of the Monge-Ampere measure of
a loally bounded, possibly non-smooth, plurisubharmoni funtion).
Consider the set
(2.3) D := {φe = φ} ⊂ Cn,
whih is losed sine φe is us. We will assume that
(2.4) φ(z) ≥ (1 + ǫ) ln |z|2 , when |z| >> 1
for some positive number ǫ, to make sure the L2−norms in setion 3 are
nite. Then the set D is bounded (sine, by denition, φe has logarithmi
growth, orresponding to ǫ = 0 above) and hene ompat.
The following regularity result plays a ruial role in the proof of the-
orem 3.4 below. Its proof follows losely the exposition in [16℄ of the
approah of Bedford-Taylor for the Dirihlet problem in the unit-ball for
the Monge-Ampere equation [2℄. See also [9℄ (in partiular theorem 3) for
a similar situation, where the relation to free boundary value problems
for the Monge-Ampere equation is pointed out. The main new feature
here is that growth ondition at innity has to be taken into aount.
Proposition 2.1. Suppose that φ is a funtion on Cn in the lass C1,1,
satisfying the growth assumption 2.4. Then φe is also in the lass C1,1.
In partiular, the Monge-Ampere measure of φe is absolutely ontinu-
ous w.r.t Lesbegue measure and oinides with the orresponding L∞loc
(n, n)−form obtained by a point-wise alulation:
(2.5) (ddcφe)
n = det(ddcφe)ωn
Moreover, the following identity holds almost everywhere on the set D =
{φe = φ} :
(2.6) det(ddcφe) = det(dd
cφ)
Proof. To obtain the C1,1−regularity rst observe that there is a positive
number R suh that
(2.7) |z| > R⇒ φe(z + h) ≤ φ(z) + 2R−1h
Indeed, sine φe(z) is in the Lelong lass there is a onstant C suh that
φe(z+h) ≤ 2(ln |z + h|+ C ≤ 2(ln (|z|) + C) + 2 |z|−1 |h|)≤ φ(z) + 2R−1h for
|z| suintly large, using the growth assumption on φ in the last step.
Step1: φe is Lipshitz ontinuous
First assume that |z| < R. Then
(2.8) φe(z + h) ≤ φ(z + h) ≤ φ(z) + ( sup
|z|≤R
|dφ|)h,
using that φ is assumed to be C1−smooth in the last step. Combining 2.7
and 3.5 now gives that φe(z+h)−CRh with CR = max{2R−1, (sup|z|≤R |dφ|)}
is a andidate for the sup dening φe and hene bounded from above by
φe(z), i.e.
φe(z + h)− φe(z) ≤ CRh.
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Applying the previous inequality with z and h replaed by z+h and −h,
respetively, nally nishes the proof of step 1.
Step2: dφe exists and is Lipshitz ontinuous
Following the exposition in [16℄ of the approah of Bedford-Taylor it
is enough to prove the following inequality:
(2.9) (φe(z + h) + φe(z − h))/2− φ(z) ≤ C |h|2 ,
where the onstant only depends on the seond derivatives of φ. Indeed,
given this inequality (ombined with the fat that φe is psh) a Taylor
expansion of degree 2 gives the following bound lose to a xed point z0
for a loal smooth approximation φǫ of φe :∣∣D2φǫ∣∣ ≤ C
where φǫ := φe ∗uǫ, using a a loal regularizing kernel uǫ and where D2φǫ
denotes the real loal Hessian matrix of φǫ. Letting ǫ tend to 0 then
proves Step 2. Finally, to see that the inequality 2.9 holds we repeat the
argument in Step 1 after replaing φe(z + h) by the following element of
the Lelong lass:
g(z) := (φe(z + h) + φe(z − h))/2
to get g(z) := (φe(z+h)+φe(z−h))/2 ≤ (φ(z+h)+φ(z−h))/2 ≤ CR |h|2
now using that φ is assumed to be C1,1 in the last step (by ombining
the estimate 3.5 with a simple variant of the estimate 2.7 for |z| > R).
Hene, as above we onlude that g(z)−CRh2 ≤ φe(z) whih proves 2.9
and hene nishes the proof of step 2.
Now, by the C1,1−regularity, the derivatives ∂2φ
∂zi∂z¯j
φe are in L
∞
loc and it
is well-known that this implies the identity 2.5 for the Monge-Ampere
measure [16℄. Finally, to see that 2.6 holds, it is enough to prove that
∂2φ
∂zi∂z¯j
(φe − φ) = 0
almost everywhere on D = {φe = φ}. To this end we apply a alulus
lemma in [23℄ (page 53) to the C1,1−funtion φe − φ (following the ap-
proah in [21℄), whih even gives the orresponding identity between all
real seond order partial derivatives. 
Example 2.2. Even if φ is assumed to be C∞−smooth, then φe will
usually only be C1,1. For example, if n = 1 and φ is radial and smooth
then φe is generially not C2−f. example 5.1 in [6℄. Indeed, writing
φ(z) = Φ(v) in terms of the logarithmi radial oordinate v = ln |z|2 the
equilibrium potential φe orresponds to Φe obtained as a onvex envelope:
Φe(v) = sup{Φ˜(v) : Φ˜ onvex,
∣∣∣deΦdv
∣∣∣ ≤ 1, Φ˜ ≤ Φ onR}. Hene, the graph
of Φe may be obtained as a onvex hull, whih will learly generially
not be C2 (ompare gure 2.1).
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ϕ
ϕ
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a-a
D
Figure 2.1. A radial weight funtion φ on Cz may be
represented as a funtion on Rv, v = ln |z|2 . Then the
graph of the equilibrium potential φe (the dashed line) is
obtained as a onvex hull of the graph of φ (subjet to an
extra slope ondition foring
∣∣dφe
dv
∣∣ ≤ 1). The set D is then
the projetion of the set where the two graphs oinide. In
the ase of the gure the outer boundary of D is given by
the set where
∣∣dφ
dv
∣∣ = 1. In partiular, φe will note be twie
dierentiable at the two minima of φ as long as they are
non-degenerate, i.e. at the inner boundary of the set D,
nor at the outer boundary of D (generially).
Before turning to Bergman kernels we state the following domination
lemma that we will have use for later. We refer to theorem 2.6 in the
appendix by Bloom in [28℄ where further referenes an be found.
Lemma 2.3. Suppose that f is a polynomial of degree less than k in Cn
suh that
|f |2 e−kφ ≤ C onD.
Then
|f |2 ≤ Cekφe onCn.
The previous lemma is a simple onsequene of the following dom-
ination priniple applied to φ1 = ln(|f |2 /C), φ2 = φe. Suppose that
φ1, φ2 ∈ L(Cn) and that φ2 is loally bounded and of maximal growth
(i.e. φ2(z) = ln
+ |z|2 + O(1)). Then φ1 ≤ φ2 on the support of (ddcφe)n
implies φ1 ≤ φ2 everywhere. This priniple in turn may be dedued from
the following monotoniity property of the global Monge-Ampere mass
(lemma 15.4 in [16℄):
(2.10) φ1 ≤ φ2 + C ⇒
∫
Cn
(ddcφ1)
n ≤
∫
Cn
(ddcφ2)
n,
for any φ1, φ2 ∈ L(Cn) (see the appendix in [8℄ for a onsiderably more
general ontext). The proof of 2.10 in [16℄ just uses that L(Cn) is losed
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under taking the max of two elements. One nal onsequene of 2.10
that we shall have use for is that
(2.11)
∫
Cn
(ddcφ1)
n ≤ 1
for any φ1 in L(Cn) (just take φ2(z) = ln+ |z|2).
Remark 2.4. The growth assumption 2.4 is used to make sure that the
weighted L2−norms in the following setion are nite. However, the
purely pluripotential results in this setion hold, with the same proofs,
under the slightly weaker assumption that φ(z)− ln |z|2 →∞ as |z| → ∞
(whih is the growth assumption appearing in [28℄). In partiular, D
is still ompat then. There is also a variant of the theory where one
allows φ(z) − ln |z|2 to be bounded (but then D will in general be non-
bouned). The point is that then φ extends to a loally bounded metri
on the hyperplane line bundle O(1)→ Pn over omplex projetive spae
Pn. However, for the analog of proposition 2.1 to hold one must further
assume that φ extends to a smooth metri on O(1)→ Pn. For the general
line bundle ase see [6℄.
3. Bergman kernels for weighted polynomials
Denote by Hk the Hilbert spae of all polynomials fk of total degree
less than k in Cn with the weighted norm
‖fk‖2kφ :=
∫
Cn
|fk(z)|2 e−kφωn
(by the assumption 2.4 the norm is nite for k suiently large). The
Bergman kernel of the Hilbert spae Hk may be dened as
(3.1) Kk(z, w) :=
∑
i
ψi(z)ψi(w).
where ψi is any given orthonormal bases of Hk.2 We will all
(3.2) Bk(z) := Kk(z, z)e
−kφ =
∑
i
|ψi(z)|2 e−kφ
the Bergman funtion of Hk. It has the following, very useful, extremal
haraterization:
(3.3) Bk(z) = sup
fk∈Hk
|fk(z)|2 e−kφ(z)/ ‖fk‖2kφ ,
whih follows from the reproduing property of the Bergman kernel.
Moreover, integrating 3.2 shows that Bk is a dimensional density of
the spae Hk :
(3.4)
∫
Cn
Bkωn = dimHk = 1/n!kn + o(kn)
2Kk may also be dened as the reproduing kernel of Hk or as the integral kernel
of the orthogonal projetion from all smooth funtions on the subspae Hk.
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The following loal holomorphi Morse inequality estimates Bk point-
wise from above.
Lemma 3.1. (Loal Morse inequalities) Suppose that the weight fun-
tion φ is in the lass C1,1. Given a ompat K set in Cn there is a onstant
CK suh that
(i) k−nBk ≤ CK
on K.Moreover, the following bound holds at any point z where the seond
derivatives of φ exist (the omplement of all suh points is a set whih
has zero measure w.r.t the Lesbegue measure):
(ii) lim sup
k
k−nBk(z) ≤ 1X(0) det(ddcφ)(z),
where X(0) is the set where ddcφ exists and is stritly positive.
See [3℄ for the more general orresponding result for ∂−harmoni (0, q)-
forms with values in a high power of an Hermitian line bundle. Sine we
onsider the slightly more general ase (for q = 0) when φ is merely in
the lass C1,1 we will go through the proof and provide the neessery
modiations.
Proof. First observe that we may without loss of generality subtrat from
φ any funtion of the form 2Re g where g is an entire funtion. Indeed,
the point-wise norm of a holomorphi funtion, |f(z)|2 e−kφ(z), is invariant
under the transformation φ → φ − 2Re g, f → fexp(kg) (geometrially
this orresponds to a hange of frame on the trivial holomorphi line
bundle). In partiular, sine φ is C1 we may (by taking g(z) to be of
the form a +
∑
i aizi) assume that the rst order jet of φ vanishes at
any xed point whih we after a hange of oordinate may take to be
zero: φ(0) = dφ(0) = 0. Similarly, if the seond deriviatives of φ exist
at z = 0 we may (after perhaps hanging the oordinates by a unitary
transformation) and will assume that the seond order jet of φ is given by∑n
i=1 λi |zi|2 (by taking g(z) to be of the form
∑
i,j ai,jzizj). Now observe
that the following holds in general:
(3.5) |φ(z)| ≤ C |z|2
Moreover, if the seond derivatives of φ exist at z = 0, then for any xed
positive number R the following uniform onvergene holds when k tends
to innity
(3.6) sup
|z′|≤R
∣∣∣∣∣kφ( z
′
√
k
)−
n∑
i=1
λi |z′i|2
∣∣∣∣∣→ 0
To see this write ψ(t) := φ(tz)−∑ni=1 λi |tzi|2 for t ∈ [0, 1]. Sine ψ(0) = 0
and ψ is C1 we have ψ(1) = ∫ 1
0
ψ′(t)dt, where ψ′(t) := dψ
dt
(t). Moreover,
by the Lipshitz assumption on the dierential dφ (whih vanishes at
z = 0) we get |ψ′(t)| ≤ C |z| |z| whih proves (i). Morever, if the seond
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derivatives of φ exist (and hene those of φ(z)−∑ni=1 λi |zi|2 vanish) at
z = 0, we get that for any given ǫ > 0 there is a δ > 0 suh that
|z| < δ ⇒ |ψ′(t)| ≤ ǫ |z| |z| .
In partiular, if |z′| ≤ R we get k
∣∣∣∣φ( z′√k)−∑ni=1 λi
∣∣∣ z′i√
k
∣∣∣2
∣∣∣∣ ≤ kǫ( R√k )2 =
ǫR. But sine R is xed and this holds for any ǫ > 0 the estimate (ii)
follows.
Now by the extremal haraterization 3.3 of the Bergman funtion we
get
k−nBk(0) ≤ |fk(0)|
2
kn
∫
|z|≤R/√k |fk(z)|2 e−kφ(z)ωn
By 3.5 we may replae φ(z) by C |z|2 and then applying the submean
property of holomorphi funtions in eah polydis {|z| = r}, r ≤ R/√k,
dedue that
k−nBk(0) ≤ |fk(0)|
2
kn
∫
|z|≤R/
√
k
|fk(z)|2 e−Ck|z|2ωn
≤ 1∫
|z′|≤R e
−C|z′|2ωn
<∞
where we have also performed the hange of variables z′ = z
√
k in the
last integral. Finally, sine dφ is loally Lipshitz ontinuous it is not
hard to hek that, with say R = 1, the onstant C may be taken to only
depend on the ompat set K and not on the xed point. This proves
(i) in the statement of the lemma. 
Finally, to prove (ii) note that a similar argument, gives
k−nBk(0) ≤ ρk,R 1∫
|z′|≤R e
−Pni=1 λi|z′i|2ωn
,
where ρk,R := exp(sup|z′|≤R
∣∣∣kφ( z′√
k
)−∑ni=1 λi |z′i|2∣∣∣), whih by 3.6 tends
to one when k tends to innity, for any xed positive number R. Hene,
lim sup
k
k−nBk(0) ≤ 1∫
|z′|≤R e
−Pni=1 λi|z′i|2ωn
and letting R tend to innity nally proves (ii) in the statement of the
lemma, sine the invers of the (normalized) Gaussian integral equals λ1λ2·
· · λn/(2π)n if all eigenvalues λi are positive and vanishes otherwise.
In fat, the previous proof gives the following stronger variant of (ii) :
(3.7)
lim sup
R
lim sup
k
k−n |fk(z)|2 e−kφ(z)/ ‖fk‖2kφ,∆k,R ≤ 1X(0)(z) det(ddcφ)(z),
where fk is holomorphi funtion dened in a xed neighbourhood of the
point z, where we have assumed that the seond derivatives of φ exist
and where ∆k,R denotes a polydis entered at z of radius R/
√
k.
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Remark 3.2. The regularity assumption on φ is essentially optimal for
the previous lemma to hold. Indeed, if φ is only assumed to be loally in
the Hölder lass C1,1−δ for δ ∈]0, 1] , then the uniform bound (i) in the
previous lemma may not hold. To see this let φ(z) = |z|2−δ . Then
(3.8) Bk(0) ≥ |1|2 /
∫
Cn
|1|2 e−k|z|2−δωn ≥ Ckn/(1−δ/2),
where C =
∫
Cn
e−|z|
2−δ
ωn, ontraditing (i).
Using global information, the estimate in the previous lemma an be
onsiderably sharpened on the omplement of D (formula 2.3), as shown
by the following lemma:
Lemma 3.3. The following inequality holds on all of Cn:
(3.9) Bkk
−n ≤ Cke−k(φ−φe)
where the sequene Ck of positive numbers tends to supz∈D∩X(0) det(dd
cφ)(z).
In partiular, there is a uniform onstant C suh that
(3.10) Bk(z)k
−n ≤ C |z|−2ǫk , if |z| > C.
Proof. By the extremal property 3.3 of Bk it is enough to prove the
lemma with Bkk
−n
replaed by |fk|2 e−kφ for any element fk in Hk with
global norm equal to k−n. Sine D is ompat the Morse inequalities in
the previous lemma give that
|fk(z)|2 e−kφ(z) ≤ Ck, z ∈ D
with Ck as in the statement of the present lemma. Now the exponential
deay 3.9 follows from lemma 2.3. Finally, the uniform bound 3.10 is
obtained from the growth assumption 2.4 on φ. 
Now we are ready for the proof of the following main
Theorem 3.4. Let Bk be the Bergman funtion of the Hilbert spae Hk
of weighted polynomials in Cn of degree less than k. Then
(3.11) k−nBk → 1D∩X(0) det(ddcφ),
in L1(Cn). In partiular, k−nBkωn onerges weakly to the orresponding
equilibrium measure (ddcφe)
n/n!.
Proof. First observe that, by the exponential deay in lemma 3.3,
lim k−nBk(z) = 0, z ∈ Dc
and, by 3.10 in the same lemma, the dominated onvergene theorem
then gives
(3.12) lim
∫
Dc
k−nBkωn = 0
Next, observe that it is enough to prove that
(3.13) lim
∫
D
k−nBkωn =
∫
D∩X(0)
(ddcφ)n/n!
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Indeed, given this equality the loal Morse inequalities (lemma 3.1), then
fore the onvergene 4.3 on the ompat set D. The proof proeeds
preisely as in [4℄ (part 1, setion 2).
Finally, to prove that 3.13 does hold, rst note that
1/n! = lim
∫
Cn
k−nBkωn = lim
∫
D
k−nBkωn
using 3.4 in the rst equality and 3.12 in the seond one. Now the loal
Morse inequalities (lemma 3.1) applied to the ompat set D, give
1/n! = lim
∫
D
k−nBkωn ≤
∫
D∩X(0)
(ddcφ)n/n!
(where we have used the dominated onvergene theorem on D). By
formula 2.6 in proposition 2.1 we may replae φ with φe in the right
hand side, giving
1/n! = lim
∫
D
k−nBkωn ≤
∫
D∩X(0)
(ddcφ)n/n! =
∫
D∩X(0)
(ddcφe)
n/n! ≤ 1/n!,
using 2.11 in the last equality. But this an only happen if all inequalities
above are atually equalities, whih proves 3.13 and nishes the proof
of the theorem, sine it also shows that 1D∩X(0)(ddcφ)n = (ddcφe)n as
measures. 
Remark 3.5. In fat, the slightly stronger statement that k−nBk →
1D∩X(0) det(ddcφ) point-wise almost everywhere on Cn holds. Moreover,
the set where the onvergene fails may be desribed in terms of prop-
erties of the seond order jets of φ and φe. This is shown by using
Hörmander's weighted ∂−estimates with weight kφe + ln(1 + |z|2), pre-
isely as in [6℄.
Corollary 3.6. The weighted equilibrium measure orresponding to the
weight funtion φ is given by
(ddcφe)
n/n! = 1D∩X(0)(dd
cφ)n/n! = 1D(dd
cφ)n/n!
where D = {φe = φ}, whih is ompat under the assumption 2.4. More-
over, the equality holds almost everywhere w.r.t the Lesbegue measure ωn
(reall that by proposition 2.1 (ddcφe)
n
is absolutely ontinuous w.r.t ωn).
Proof. The rst equality in the orollary was shown in the end of the
previous proof. The nal one follows from the fat that ddcφ ≥ 0 on D
(where it is dened); see Proposition 3.1 in [6℄. 
Next, we will show that the equilibrium potential φe may be obtained
from the logarithm of the Bergman kernel. This an be seen as an
L2−version of a seminal result of Siiak on polynomial approximation
(see [24℄).
Theorem 3.7. Let Kk be the Bergman kernel of the Hilbert spae Hk of
weighted polynomials in Cn of degree less than k. Then
14 ROBERT BERMAN
(3.14) k−1lnKk(z, z)→ φe(z)
uniformly on Cn (the rate of onvergene is of the order n ln k/k). In
partiular,
(3.15) (ddc(k−1lnKk(z, z)))n → (ddcφe)n
weakly as measures.
Proof. In the following proof it will be onvenient to let C denote a
suiently large onstant (whih may hene vary from line to line). First
observe that taking the logarithm of the inequality 3.9 in lemma 3.3
immediately gives the upper bound
k−1lnKk(z, z) ≤ φe(z) + Cn ln k/k
To get a lower bound it is learly enough to prove that for any xed point
z0 there is an element fk in Hk suh that
(3.16) |fk(z0)|2 e−kφe(z0) ≥ 1/C,
∫
Cn
|fk(z)|2 e−kφωn ≤ C
where the onstant C is independent of z0 and k. To this end we apply the
Ohsawa-Takegoshi-Manivel extension theorem [27℄ (on the Stein manifold
Cn) with the ontinuous and stritly plurisubharmoni weight funtion
ψk, where
(3.17) ψk(z) := kφe(z) + C ln(1 + |z|2)
This gives an extension of a onstant, say ekφe(z0)/2, from the point z0 to
a holomorphi funtion fk in C
n, suh that
|fk(z0)|2 e−kφe(z0) = 1,
∫
Cn
|fk(z)|2 e−(kφe+C ln(1+|z|2))ωn ≤ C · 1
Note that, by a version of the Liouville theorem, this implies that fk is a
polynomial of degree at most k. Finally, splitting the latter integral with
respet to the deomposition
Cn = {|z| < C}
⋃
{|z| ≥ C} ,
then gives 3.16. Indeed, on {|z| < C} we have φe ≤ φ (by the denition
2.1 of φe) and the fator e
−C ln(1+|z|2)
is bounded by a onstant. Fur-
thermore, on {|z| ≥ C} the assumption 2.4 on the growth of φ implies
that
kφe + C ln(1 + |z|2) ≤ kφ
All in all this shows that ‖fk‖2kφ ≤ C, giving 3.16.
The Monge-Ampere onvergene 3.15 now follows from the uniform
onvergene 3.14 (see [25℄). 
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In fat, the uniform onvergene in the previous theorem still holds if φ
is only assumed to be lower semi-ontinuous and loally bounded. Indeed,
then the use of the inequality (i) in lemma 3.1 may be replaed by the
following Bernstein-Markov type inequality: Bk ≤ Cǫekǫ for any ǫ > 0,
whose proof is an even simpler appliation of the submean property of
holomorphi funtions. For a similar argument in the loally unbounded
ase see [5℄. However, as shown in remark 3.2 the C1,1−regularity of
φ is essential to obtain the optimal rate of onvergene n ln k/k in the
theorem.
3.1. The full Bergman kernel Kk(z, w). Combining the onvergene
in theorem 3.4 with the loal inequalities 3.7, gives the following onver-
gene for the full Bergman kernel Kk. The proof is ompletely analogous
to the proof of theorem 2.4 in part 1 of [4℄.
Theorem 3.8. Let Kk be the Bergman kernel of the Hilbert spae Hk of
weighted polynomials in Cn of degree less than k. Then
k−n |Kk(z, w)|2 e−kφ(z)e−kφ(w)ωn(z) ∧ ωn(w)→ ∆ ∧ 1D∩X(0)(ddcφ)n/n! ,
as measures on Cn × Cn, in the weak *-topology, where ∆ is the urrent
of integration along the diagonal in Cn × Cn.
Finally, we will show that around any interior point of the set D∩X(0)
where φ is smooth the Bergman kernel Kk(z, w) admits a omplete loal
asymptoti expansion in powers of k, suh that the oeients of the
orresponding symbol expansion oinide with the Tian-Zeldith-Catlin
expansion for a positive Hermitian holomorphi line bundle (see [7℄ and
the referenes therein). We will use the notation φ(z, w) for a xed
almost holomorphi-anti-holomorphi extension of φ from the diagonal
∆ in Cn×Cn, i.e. an extension suh that the anti-holomorphi derivatives
in z and the holomorphi derivatives in w vanish to innite order on ∆.
Theorem 3.9. Let Kk be the Bergman kernel of the Hilbert spae Hk of
weighted polynomials in Cn of degree less than k. Any interior point in
D ∩X(0) where φ is smooth (i.e. in the lass C∞) has a neighbourhood
where Kk(z, w)e
−kφ(z)/2e−kφ(w)/2 admits an asymptoti expansion as
(3.18) kn(det(ddcφ)(z) + b1(z, w)k
−1 + b2(z, w)k−2 + ...)ekφ(z,w),
where bi is a polynomial in the derivatives of φ, whih an be obtained by
the reursion given in [7℄.
Proof. Sine the proof is essentially the same as the proof of theorem 4.4
in [6℄ we will be very brief. One proeeds by adapting the onstrution in
[7℄, onerning postive Hermitian line bundles, to the present situation.
The approah in [7℄ is to rst onstrut a loal asymptoti Bergman
kernel lose to any point where φ is smooth and ddcφ > 0. Hene,
the loal onstrution applies to the present situation as well. Then
the loal kernel is shown to dier from the true kernel by a term of
order O(k−∞), by solving a ∂-equation with a good L2−estimate. In
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the present situation one applies the L2−estimates of Hörmander with
the weight funtion ψk (formula 3.17) ourring in the proof of theorem
3.7. 
Note that, even if the weight φ is smooth and globally psh suh an
asymptoti expansion in integer powers of k may not hold at points where
φ is not stritly psh (i.e. on X −X(0)). Indeed, at suh a point z0, say
z0 = 0, the leading term (i.e. the one of order k
n) vanishes by lemma 3.1,
but taking φ(z) = |z|2+ǫ , where 0 < ǫ << 1, gives Bk(0) ≥ Ckn/(1+ǫ/2),
aording to 3.8 applied to δ = −ǫ.
4. Weighted polynomials assoiated to a Newton polytope
In this setion we briey point out that the previous results extend
to the setting of weighted polynomials assoiated to a given Newton
polytope (whih we show may even be taken to be a onvex body). This
generalizes results of Shiman-Zeldith [31℄. The main new feature here
ompared to [31℄ is that it is not assumed that the weight funtion φ is
plurisubharmoni nor invariant under the ation of the real unit torus
(ompare example 4.3 for the setting in [31℄).
Let ∆ be a given onvex body (i.e. ompat with non-empty interiour)
in Rn and let H∆(z) be its support funtion, onsidered as a funtion on
the omplex torus C∗n :
H∆(z) := 2 sup
p∈∆
ln(|zp11 | · · · |zpnn |).
The role of the Lelong lass is now played by the following lass of
plurisubharmoni funtions on C∗n :
L∆(C∗n) := {ψ : ψ psh, ψ(z) ≤ H∆(z) +O(1)}
and the role of the equilibrium potential φe by φ∆,e dened by taking
the sup over all φ˜ ≤ φ suh that φ˜ is in L∆(C∗n). Aordingly, write
D∆ := {φ∆,e = φ}.
Similarly, denote by Hk∆ the Hilbert spae spanned by all Laurent
monomials zα, where α is a vetor in k∆∩Z (using multi index notation):
Hk∆ :=
⊕
α∈k∆∩Zn
Czα
with the norm
(4.1) ‖fk‖2kφ :=
∫
C∗n
|fk(z)|2 e−kφωn,
assuming that φ is suiently large at the boundary of C∗n so as to
make the norms nite for k large. More preisely, after a hange of
frame we may assume that zero is an interiour point of ∆ (just take
exp g(z) as in the beginning of the proof of lemma 3.1 of the form zα0).
Then the growth assumption is that that there is an ǫ > 0 suh that
(4.2) φ(z) ≥ (1 + ǫ)H∆(z)
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outside some ompat subset of C∗n. Finally, note that if fk is in Hk∆,
then k−1 ln |fk(z)|2 is in L∆(C∗n).
All previous results extend fairly straightforwardly to this setting. For
example, we have the following analog of theorem 3.4:
Theorem 4.1. Let Bk be the Bergman funtion of the Hilbert spae Hk∆
of weighted polynomials in Cn assoiated to the Newton polytope k∆.
Then
(4.3) k−nBk → 1D∆∩X(0) det(ddcφ)
in L1(C∗n). In partiular, k−nBkωn onerges weakly to the orresponding
equilibrium measure (ddcφ∆,e)
n/n!.
To see how to modify the previous proof rst observe that the following
integrated versions of the theorem (that are used in its proof as before),
generalizing 2.11 and 3.4 respetively, hold:
(i)
∫
C∗n
(ddcφe)
n/n! ≤ Vol (∆˙), (ii) dimHk∆ ≥ Vol (∆˙)kn + o(kn),
where ∆˙ denotes the interiour of ∆. 3 To see that (i) holds one rst
observes that, by a simple variant of the monotoniity property 2.10, it
is enough to prove (i) with φe replaed by H∆(z). But sine h∆(v) :=
H∆(e
v1 , ...evn) is onvex w.r.t v ∈ Rn (i) then follows from well-known
onvex analysis, using that the image of the subgradient dh∆ is ontained
in ∆˙ (f. [19℄). Finally, (ii) is obtained by approximating the number of
lattie points in
˙k∆ by a Riemann sum in a standard fashion.
Finally, to prove theorem 4.1 one also uses that the analog of the
regularity proposition 2.1 holds for φ∆,e on C
∗n, by replaing the ation
of the translations z 7→ z + h by the ation of the ation of the omplex
torus C∗n, whih may be represented by z 7→ ehz (where h ∈ Cn). The
rest of the proof of theorem 4.1 proeeds preisely as before.
Example 4.2. Let ∆ ⊂ ∆′ where ∆′ is another onvex body suh that
∆ is ontained in its interiour. Let φ be any smooth funtion suh that
φ = H∆′+O(1). Then φ learly satises the growth assumption 4.2. If one
further assumes that φ is invariant under the ation of the real unit torus
(i.e. φ(z) = Φ(v), where vi = ln |zi|2 and that φ is plurisubharmoni,
so that Φ(v) is a onvex funtion on Rn, then it is not hard to see that
D∆ = (dΦ)
−1(∆).
Speializing further gives the setting of Shiman-Zeldith [31℄:
Example 4.3. Take ∆′ to be the unit-simplex, ∆ a rational polytope
and φ(z) = φFS(z) := ln(1 + |z|2) i.e. the potential of the Fubini-study
metri. Note however that in [31℄ it is not assumed that ∆ is ontained
in the interiour of the unit-simplex, whih is related to the fat that
3
In fat equalities do hold. But the inequalities given are the easiest ones to prove
and then the equalities atually follow from integrating the asymptotis in theorem
4.1, whose proof only uses the inequalies above.
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φFS has the further property of extending smoothly to a metri on the
line bundle O(1) → Pn - ompare the remark below. Note also that
speializing further to the ase n = 1 (i.e. ∆′ = [0, 1] and∆ = [a, b] where
a, b ∈ Q⋂]0, 1[ shows that the equlibrium weight φ∆,e will in general not
be C1,1 on the omplement of C∗n in Cn, sine φ∆,e = H∆(z) + O(1) =
ln(|z|2a + |z|2b) +O(1), whih tends to −∞ as z tends to zero.
Remark 4.4. . Consider again the setting in the beginning of example
4.2, but assume also that ∆ and ∆′ both are rational polytopes. If ∆ is
to be allowed to interset the boundary of ∆′ then one must assume that
φ extends to a metri on line bundle L∆′ → X∆′ over the orresponding
tori variety X∆ (ompare setion 5 in [6℄ and referenes therein for nota-
tion). In this ase the results on Bergman kernel asymptotis et follow
from the results announed in setion 1.3 in [6℄, onerning subspae ver-
sions of the results in [6℄. The point is that k∆ denes a multiplier ideal
sheaf IkH∆ and the global setions of the orresponding multiplier ideal
sheaf L⊗k∆′ ⊗IkH∆ → X∆′ denes a sub Hilbert spae Hk∆ of the spae of
all global setions H0(X∆′, L
⊗k
∆ ) equiped with the norm indued by the
given metri φ on L∆′.
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